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Abstract
In this note, we prove that there is no number with the Lehmer prop-
erty in the sequences of Jaconsthsl or Jacobsthal-Lucas numbers.
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1 Introduction
Let ϕ(n) be the Euler’s totient function of the positive integer n. We know that
ϕ(n) = n−1 if and only if n is prime. Lehmer [4] conjectured that if ϕ(n)|n−1,
then n is prime. In other words, there is no composite integer which has the
property ϕ(n)|n− 1. Until now no counterexample to this conjecture or a proof
either has been found. A counterexample of Lehmer’s conjecture is called a
Lehmer number or a number with Lehmer property. Some researcher tried to
study the properties of Lehmer numbers. For a positive integer m we define
ω(m) to be the number of distinct prime divisors of m, Lehmer proved that if
m is a Lehmer number, then ω(m) ≥ 7. Some other researchers improved that
bound, in [10] it was proved that ω(m) ≥ 14, and in [8] the bound was improved
to be 15.
Many researchers concentrated on proving that there are no numbers with
the Lehmer property in certain in sequences of positive integers like the se-
quences of Fibonacci and Lucas numbers [3, 1]. In [5, 6], it was shown that
there are no numbers with the Lehmer property in the sequence of Cullen num-
bers and in generalized Cullen numbers. Also, in [7] it was proved that there
is no number with the Lehmer property in the sequence of Pell numbers. Also,
in [9] it was proved that there is no Lehmer number of the form g
n
−1
g−1 for any
n > 1 and 2 ≤ g ≤ 1000.
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In this note we consider the Jacobsthal sequences
Jn = Jn−1 + 2Jn−2
with J0 = 0 and J1 = 1 and Jacobsthal-Lucas sequences
jn = jn−1 + 2jn−2
with j0 = 2 and j1 = 1. Both sequence Jn and jn are a specific types of Lucas
sequence; Jn = Un(1,−2) and jn = Vn(1,−2). Also, their Binet formulas are:
Jn =
2n − (−1)n
3
and
jn = 2
n + (−1)n
In this note we prove the following result:
Theorem 1. There are no numbers in the Jacobsthal or the Jacobsthal-Lucas
sequences that satisfies the Lehmer property.
2 Preliminaries
In this section we review some basic properties of Jacobsthal and Jacobsthal-
Lucas sequences.
Lemma 2. j2n − 9J
2
n = 4(−2)
n
Lemma 3. For an integer n ≥ 2, we have
Jn − 1 =
{
2Jn−1
2
jn−1
2
if n is odd
4Jn−2 if n is even
Proof. At first we consider the odd case: if n ≥ 2 is odd, then by Binet formula
2Jn−1
2
jn−1
2
= 2
α
n−1
2 − β
n−1
2
α− β
(α
n−1
2 + β
n−1
2 )
= 2
αn−1 − βn−1
α− β
=
2αn−1 − 2βn−1
α− β
=
αn − 2βn−1
α− β
α = 2
=
αn − βn − 3
α− β
β = −1
= Jn − 1
2
Now, consider the even case: if n ≥ 2 is even, then
4Jn−2 = 4
αn−2 − βn−2
α− β
=
αn − 4βn−2
α− β
α = 2
=
αn − βn − 3
α− β
βn−2 = βn = 1
= Jn − 1 α− β = 3
Lemma 4. For an integer n ≥ 2, we have
jn − 1 =
{
6Jn−1
2
jn−1
2
if n is odd
2n if n is even
Proof. Similar to the proof of Lemma 3.
3 Proof of Theorem
3.1 Proof for J
n
Let us recall that if m has the Lehmer property, then m has is odd and square-
free. Checking using computer we see that there is no number Jn with the
Lehmer property with n ≤ 200. We may assume that n > 200. Let K =
ω(Jn) ≥ 15. Now we have
215|2K |ϕ(Jn)|Jn − 1 =
{
2Jn−1
2
jn−1
2
if n is odd
4Jn−2 if n is even
Clearly, both cases are not possible since Ji, ji are not even numbers. Thus Jn
does not have the Lehmer property.
3.2 Proof for j
n
Let us recall that if m has the Lehmer property, then m has is odd and square-
free. One checks with the computer that there is no number jn with the Lehmer
property with n ≤ 200. We may assume that n > 200. Let K = ω(jn) ≥ 15.
Now from Theorem 4 in [2] we have K2
k
> jn > 2
n
2 . Thus
2K logK >
n log 2
2
>
n
3
(1)
We use equation 1 to prove the next Lemma in order to be used in the proof of
Theorem 1.
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Lemma 5. 2K > n4 log logn .
Proof. Assume by contrary that 2K ≤ n4 log logn . Thus
K log 2 ≤ logn− log 4− log log logn ≤ logn
(n is large leads to log log logn > 0), thusK ≤ lognlog 2 < 2 logn, which implies that
2K logK < n log(2 log n)4 log logn , by equation 1 we have,
n
3 < 2
K logK < n4 +
n log 2
4 log log 4 ,
thus log logn < 3 log 2 which implies that n < e8 < 3000. However, k ≥ 15 and
jn is odd so we have 2
15|2K |ϕ(jn)|2
n, but 215 = 32768 > 3000 a contradiction
which proves the Lemma.
Proof of Theorem 1 for Jacobsthal-Lucas. If n is odd, then
215|2K |ϕ(jn)|jn − 1 = 6Jn−1
2
jn−1
2
since both Jn−1
2
and jn−1
2
are odd jn does not have the Lehmer property. Now,
if n is even with the Lehmer property, then let p be a prime divisor of jn and
take the equation in Lemma 2 modulo p, we get −9J2n ≡ 4(2)
n mod p which
implies that
(
−1
p
)
= 1, so we have p ≡ 1 mod 4 for all prime factors of n. We
have
22K |ϕ(jn)|jn − 1 = 2
n
Thus, n ≥ 22K ≥ ( n4 log logn )
2 which implies that n2 ≤ 16n(log logn)2, giving
that n < 19 a contradiction.
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